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TANGENT CATEGORIES

TANGENT CATEGORY }_g
Tangent bundle functor [ K%
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Zero morphism
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TANGENT CATEGORIES ROSICKYS R GRCKETTS
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REPRESENTABLE TANGENT CATEGORIES CRUTTWE
A Cartesian tangent category Concretely, there is a sequence
is representable when the Db
tangent bundle functor AT A

T Z%‘*x of objects such that,
. ) for each n>0, the functor
and eac
D, X-:X—>%
T X —% "

is a left adjoint to the functor

T X —X

are representable functors.
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REPRESENTABLE TANGENT CAT
Tangent bundle functor (-)D

INFINITESIMAL OBJECT
Object D

COCKE

CRUTTWE
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REPRESENTABLE TANGENT CAT
Tangent bundle functor (-)D

D
Projection p: M —M

INFINITESIMAL OBJECT
Object D

Projection pr ¥ —D
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REPRESENTABLE TANGENT CAT INFINITESIMAL OBJECT
Tangent bundle functor (-)D Object D
D
Projection p: M—NM Projection pr ¥ —D
D |

Zero morphism 2:M—M Zero morphism 2Z:D—>X
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INFINITESIMAL OBJECT TANGENTOID
Cartesian category (%, %, %) Monoidal category (€ ®, T)
Object D

Projection Pf;|<-—>7>'

Zero morphism z.D-sx
Sum morphism g:D>_—>D,
Vertical lift ~ 2.pyD —D
Canonical flip - pxd T opxD

Negation 4D —=D
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TANGENTOIDS

INFINITESIMAL OBJECT
Cartesian category (%, x, %)

Object D

Projection Pf;|<-—>7>'

Zero morphism z.D-sx
Sum morphism g:D>_—>D,
Vertical lift ~ 2.pyD —D
Canonical flip - pxd T opxD

Negation 4D —=D

TANGENTOID
Monoidal category (€ ®, T)

Object D

Projection p:D—>1

Zero morphism z: 1 —D
Sum morphism s:Dx P —>D
Vertical lift €:D—D&b
Canonical flip ¢:D&D—>DeD

Negation m:D—>D
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INFINITESIMAL OBJECT
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Object D

Projection Pf;|<-—>7>'

Zero morphism z.D-sx
Sum morphism g:D>_—>D,
Vertical lift ~ 2.pyD —D
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Negation 4D —=D

SYMMETRIC TANGENTOID
Symmetric monoidal category

Object D (&/$/il )
Projection p:D—>1

Zero morphism z: 1 —D

Sum morphism s:Dx P —>D
Vertical lift €:D—D&b
Canonical flip ¢:D&D—>DeD

Negation m:D—>D
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TRIVIAL TANGENT STRUCTURE COMMUTATIVE & UNITAL ALGEBRAS
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MODULES
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TRIVIAL TANGENT STRUCTURE COMMUTATIVE & UNITAL ALGEBRAS
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TANGENTOIDS

D is a tangentoid in a
monoidal category

(& ®1)
if and only if

T::Yiop— 5 .
pi= pe- Z:=Z®— S:=S®r-

b D
@:: Q@-— Ci= C%-— /=M B—
IS a tangent structure.




COEXPONENTIABLE TANGENTOIDS

A coexponentiable tangentoid
in @ monoidal category

(¢eT)
is a tangentoid for which each
D@—: ¢ —¢

admits a left adjoint.




COEXPONENTIABLE TANGENTOIDS

In a coCartesian monoidal category
every tangentoid is symmetric.

PROPOSITION




COEXPONENTIABLE TANGENTOIDS

In a coCartesian monoidal category
every tangentoid is symmetric.

Moreover, TFAE:
D is a coexponentiable tangentoid

D infinitesimal object in the
opposite category

(-)° representable tangent structure
on the opposite category




COEXPONENTIABLE TANGENTOIDS

In a coCartesian monoidal category | In particular, there is a

every tangentoid is symmetric. correspondence between:
Moreover, TFAE: representable tangent structures
on AFFg

D is a coexponentiable tangentoid
coexponentiable tangentoids

D infinitesimal object in the in CALGR
opposite category

(-)° representable tangent structure
on the opposite category
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THE MONOID OF A TANGENTOID

Every tangentoid D comes with a
monoid structure
M= z: 1—D

= DeD DePPER pd 25D

Moreover, in a symmetric monoidal
category, such a monoid is always
commutative.




THE MONOID OF A TANGENTOID

We can define a functor:

Every tangentoid D comes with a
monoid structure

/vI:‘Z;: T—D

= DeD DePPER pd 25D

Moreover, in a symmetric monoidal
category, such a monoid is always
commutative.

TO/D(&@,,

9

—> CMON (8/871.



THE MONOID OF A TANGENTOID

In a symmetric monoidal category
the functor

ToID(& 8 T) —> CMON(€ 8 T)

extends to a functor
STOID(2 & T 0 — (STOD(CHON(E, g 1)

which is an isomorphism of
categories, with inverse
the forgetful functor

STol> (U : CMON(R) = &)




THE MONOID OF A TANGENTOID

In a symmetric monoidal category | In particular:
the functor

ToID( c”i/cx,t

extends to a functor
STOID(2 & T 0 — (STOD(CHON(E, g 1)

which is an isomorphism of
categories, with inverse
the forgetful functor

STol> (U : CMON(R) = &)

) —>CMoN(EgT) | STOID(MODg) = STOID(CALER)
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SYMMETRIC TANGENTOIDS IN MODg

A symmetric tangentoid in MODg
comprises:

Object D

Projection F: D—=K

Zero morphism Z: K—D
Sum morphism s:DXRD—?:D
Vertical lift €: D —D®D
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A symmetric tangentoid in MODg From the additive structure:

comprises: <
i~ M= e
Object D D=keM ‘ F

Projection F: D—=K

Zero morphism Z: K—D
Sum morphism s:DXRD—?:D
Vertical lift €: D —D®D
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A symmetric tangentoid in MODg
comprises:

Object D

Projection F: D—=K

Zero morphism Z: K—D
Sum morphism s:DXRD—?:D
Vertical lift €: D —D®D

From the additive structure:
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SYMMETRIC TANGENTOIDS IN MODxg

A symmetric tangentoid in MODg
comprises:

Object D

Projection F: D—=K

Zero morphism Z: K—D
Sum morphism s:DXRD—?:D
Vertical lift €: D —D®D

From the additive structure:
DY ReM , Me=terp
p:RoM —ES R
z:R — %00 >ReM



SYMMETRIC TANGENTOIDS IN MODxg

A symmetric tangentoid in MODx From the additive structure:
comprises:
Object D D=ReM , M:=KeX‘]‘D
Projection Pt D—=K P - RE?J:G\;% R
Zero morphism Z: K—D z:R —=ReM
Sum morphism s:DXRD —D S: R@M@M f‘iﬁfi;-yq@M
Vertical lift €: D —D®D w:ReM id‘z@; ReM
From the vertical lift:
: M= KaM gv RaM=(| R@M}%mt\/\




SYMMETRIC TANGENTOIDS IN MODxg

The R-module M with the map

¢
1:M>RaM — RaMDe(ReM) =S MM

forms a cocommutative non-unital
coalgebra.




SYMMETRIC TANGENTOIDS IN MODxg

The R-module M with the map

¢
1:M>RaM — RaMDe(ReM) =S MM

forms a cocommutative non-unital
coalgebra.

Moreover, the following diagram
commutes:

d
RaM ‘X2 Re (MeM)

#
AN

\y
(ReM) @ (ReM)




SYMMETRIC TANGENTOIDS IN MODxg

The R-module M with the map Where:

e =
1 MRaM —> ReMIEReM oM | Re (HoM)-C>ReMaMa(HaM)

1

forms a cocommutative non-unital (RaM) @ (RaoM)
coalgebra.

Moreover, the following diagram
commutes:

d
RaM ‘X2 Re (MeM)

#
AN

\y
(ReM) @ (ReM)




SYMMETRIC TANGENTOIDS IN MODxg

The universality of the vertical lift
establishes that the following
diagram must be a triple equalizer:

¢ zﬁ\

-
D — D@D\ — D
F&@F
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SYMMETRIC TANGENTOIDS IN MODg

The universality of the vertical lift
establishes that the following
diagram must be a triple equalizer:

dM@M TR (MeM) >R@M SM

UNIVERSALITY




SYMMETRIC TANGENTOIDS IN MODxg

The universality of the vertical lift
establishes that the following

diagram must be a triple equalizer:

The R-module M associated with a
symmetric tangentoid D of MODg

is a solid commutative non-unital
R-algebra, namely, it is a

Dﬁ% commutative non-unital R-algebra
D >D®D peD D M o:MeM—
/ Ly F‘i@f whose multiplication is invertible

R@(H®M> OUM@M:M:U
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The R-module M associated with a
symmetric tangentoid D of MODg
Is a solid commutative non-unital
R-algebra

M, o:MeM—




SYMMETRIC TANGENTOIDS IN MODg

The R-module M associated with a
symmetric tangentoid D of MODg

IS a solid commutative non-unital
R-algebra

M, o:MeM—
Every solid commutative non-unital

R-algebra defines a symmetric
tangentoid of MODk:

D=R &M




SYMMETRIC TANGENTOIDS IN CALGg

The R-module M associated with a | The R-module M associated with a

symmetric tangentoid D of MODg symmetric tangentoid D of CALGg
IS a solid commutative non-unital IS a solid commutative non-unital
R-algebra R-algebra

M, o:MeM —M M o:MeM —
Every solid commutative non-unital | Every solid commutative non-unital
R-algebra defines a symmetric R-algebra defines a symmetric
tangentoid of MODk: tangentoid of CALGg:

D=R &M D=RxM
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The R-module M associated with a | The R-module M associated with a

symmetric tangentoid D of MODg symmetric tangentoid D of CALGg
IS a solid commutative non-unital IS a solid commutative non-unital
R-algebra R-algebra

M, o:MeM —M M o:MeM —
Every solid commutative non-unital | Every solid commutative non-unital
R-algebra defines a symmetric R-algebra defines a symmetric
tangentoid of MODk: tangentoid of CALGg:

D=R &M D=RxM




A NEW TANGENT STRUCTURE!

The ring Q of rational numbers
define a symmetric tangentoid

DN = ZK R

In CRING.
Therefore, it defines a new
tangent structure on CRING:

7B = Zx (REA)




EXPONENTIABLE AFFINE SCHEMES NIEFIELD

i

An affine scheme A is

exponentiable if and only if its
underlying R-module is

finitely generated and projective.
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COEXPONENTIABLE TANGENTOIDS IN CALGg

There is a correspondence between:
Infinitesimal objects D of AFFg

ReEresentabLe tangent structures
(-)” on AFFg

Coexponentiable tangentoids D of
CALGg

Finitely generated, projective
R-modules M with a structure of
commutative solid non-unital
algebras
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When the base ring R is a PID, the In particular, the category AFF of

only coexponentiable tangentoids affine schemes over Z has exactly
of CALGg are two representable tangent
R; Rix O Riel= RixR. structures.

Therefore, when R is a PID, there Hbo.Eo M —‘an‘dg 36’\.9((9(23'@&!'\/@,
are exactly two representable

tangent structures on AFFg: BuUL R PID: Fnj@*’N@ <_-_>.fm&
the trivial one TA=A > M= RM, me N,
N Ao ~J ~ ™"
the one of Kahler differentials K =MZMaM<= R
TA= 9}’“‘*A-QA 2 7
- > m=m DM > M




A NEW REPRESENTABLE TANGENT STRUCTURE!

Take a unital and commutative
ring S and let

R=S%S

Then R is not a PID because it has
non-zero divisors.

However, S is finitely generated

since
S :Q /(1,0>

and projective, since SxS is free.
Moreover, S is solid:

LS =5
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A NEW REPRESENTABLE TANGENT STRUCTURE!

Take a unital and commutative Thus, S defines a coexponentiable
ring S and let tangentoid of CALG; and a
representable tangent structure on
R=S%3 AR, °

Then R is not a PID because it has
non-zero divisors.

However, S is finitely generated

since
S :Q /(1,0>

and projective, since SxS is free.
Moreover, S is solid:

LS =5
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