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The plan for today

Chapter O

“What does the geometric
tangent structure tell us
about affine schemes
over an operad?”
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Differential bundles Cockett, Cruttwell 2017

“Differential bundles
are vector bundles
1n a tangent category.”
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Differential bundles Cockett, Cruttwell 2017

Projection
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Cockett, Cruttwell 2017

Projection

Zero morphism
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Cockett, Cruttwell 2017

Projection
Zero morphism

Sum morphism
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Differential bundles

Cockett, Cruttwell 2017

Projection
Zero morphism

Sum morphism
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Projection
Zero morphism
Sum morphism

Vertical 1ift
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Cockett, Cruttwell 2017

Projection
Zero morphism
Sum morphism

Vertical 1ift
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Cockett, Cruttwell 2017

Projection
Zero morphism
Sum morphism

Vertical 1ift
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Projection
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Differential bundles MacAdam 2020

Differential bundles

1in the tangent category of
smooth manifolds are

equlvalent to vector bundles*.




Differential bundles

MacAdam 2020

Theore

Differential bundles
1in the tangent category of
smooth manifolds are

equlvalent to vector bundles*.

*vector bundles defined as bundles
whose fibres are vector spaces

not necessarily isomorphic

to a typical fibre.



Differential bundles Cruttwell, Lemay 2023

Differential bundles

1in the tangent category

of (commutative) affine schemes
are modules over algebras.
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Differential bundles
in the tangent category
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Differential bundles
in the tangent. categopy
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Differential bundles Cruttwell, Lemay 2023

Differential bundles
in the tangent. category

of (co tative) _
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Differential bundles

Cockett, Cruttwell 2017

Differential bundles over the
terminal object are called
differential objects.
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Differential bundles over the
terminal object are called
differential objects.
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Cockett, Cruttwell 2017

Differential bundles over the
terminal object are called
differential objects.
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Differential bundles Cockett, Cruttwell 2017

Differential bundles over the Il c{\#@(@l{h&( 6@0“‘6(%-

terminal object are called ~ e
differential objects. RM T@M’:\._J R )(K
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. Rosicky 1984
The slice tangent category Cockett, Cruttwell 2017

“The slice of a
tangent category
1s agaln a
tangent category.”
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. Rosicky 1984
The slice tangent category Cockett, Cruttwell 2017

Slice category over
sliceable objects
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The slice tangent category

Rosicky 1984
Cockett, Cruttwell 2017

Slice category

Tangent bundle functor

/I'M: X/M —> ¥/ M



The slice tangent category

Rosicky 1984
Cockett, Cruttwell 2017

Slice category

Tangent bundle functor

/I'M:X/M —>¥/M y
CH= — (T I5M)



Rosicky 1984

The slice tangent category Cockett, Cruttwell 2017
Slice category ’TM: X/M ,.9%//\/]
Tangent bundle functor (g';E.—7 H) — (TME’—‘??M)
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The slice tangent category Cockett, Cruttwell 2017

Differential bundles
are differential objects
1in the slice tangent category.




The slice tangent category

Cockett, Cruttwell 2017

Differential bundles
are differential objects

dw’vevsah'g oﬁ e‘i :

1in the slice tangent category.



The slice tangent category

Cockett, Cruttwell 2017

Differential bundles
are differential objects

dw’vevsah'g oﬁ e‘l :

1in the slice tangent category.



The slice tangent category Cockett, Cruttwell 2017

Differential bundles
are differential objects
1in the slice tangent category.
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Theorem
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Differential bundles
are differential objects
1in the slice tangent category.

aw'veﬁah'g oﬁ q
Eg—>1E eV E
49 l/_l \l/Tcl But Ep—>M = G‘\]/
M——>TM MM

Theorem




The slice tangent category Lanfranchi 2023

A new characterization of the slice tangent category:
Mo : tng(Bat = %ﬁ%«'(\ Slice: ﬂﬂ,ﬁf@-r 51Ty GX
(%/ T — (%,T; 1) (/%/‘1P / M) —> @6,‘1{’3 /M

JrauawT c&*@oﬁ €S
ot e ml ob'ea
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The slice tangent category Lanfranchi 2023

Slice 1s a right adjoint of Term.




The slice tangent category Lanfranchi 2023

Slice 1s a right adjoint of Term.
Let (F,a;f): (X, T;M)=2(X",T';M’) be a tangent morphism.
If the following diagrams are pullbacks:
@ / )
oA ZF _/ () F’L
FTE —> TFc ™M —TFM FT E—TtTc
g F'I’e]l J/TFG} CP\[ \lTCp Fcf“/ lFT7
/
FIM — > TFM M —> 1M FM—>FTM
- . -
h Slice(F,a) 1s a strong tangent morphism.




Functoriality

Lanfranchi 2023

Chapter 3

“The operation which
assoclates an operad with
the geometric tangent category
1s functiorial.”
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Functoriality

Morphisms of operads

P—>@&,
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Morphisms of operads
P—@
Pl SR
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Lanfranchi 2023

Morphisms of operads
P—@
Pl SR

000 oo g
1_$ _>Lf[—i@J

OFe(dJ __>TM3M (Modg, T
P (85‘, )
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Morphisms of operads
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Morphisms of operads T MMJ(&T)"F__;T%C&T
P—R (8,00 —> (A4S, T(S)
Pl 2SR

of © 00 ... O
L—$ L_ﬁ@-’

Opeted —>Tughhd (ode %
P —> (897’ ) BfFroduC‘% -
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Lanfranchi 2023

Morphisms of operads

Tugud 05T —> Tug Ot
(8,00 —> (/Apﬁ (©) ()

Df;mgdof._.e TMgﬁﬂt
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Lanfranchi 2023

Morphisms of operads

Gt

(S, o<)l —> (Apﬁ@ ()

oloerdolaF > ngfﬂt

P —> /A% ($): [/)\%@/TS”)

@:P>R) > (P

/A%( Q)= >/)€3@>
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Morphisms of operads
P—>@

Pl 23R
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d J
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Operad -—> ngd?at
F; — /A% (§):= (/)\%93,'1'90
@:0> R) > (o) : AR/
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Morphisms of operads
P—>@

Pl 23R

°f“' ? 05 - @

U Lo
d J

o,aerdJ ———>TM3M\AJ (Modg T -t.

T M(%,T)ofa Tuﬁfﬁ
(S0 —> (A%(@,’T(S\)

Operad -—> ngd?at
F; — /A% (§):= (/)\%93,'1'90
@:0> R) > (o) : AR/

oM D

¢, @uooA SA) =

MM
_ (4 56002 5% Quaoa® 25 4)



Functoriality

P90 @)

A éc?;%%&




Functoriality




Functoriality Lanfranchi 2023

CP:QD—>Q
|

Adg e——”%&

The olou.He_ category of Hougpdl cats:

(fo, 0
(%o T) — (%01‘IP )

(e(@t 8 t(e,@l)

%y, Ty) — > (% /T )
(R,
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CP:QD—>Q
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R )
cpl

/\%O é——//)‘%&

The aw.ue category of Hougpdl cets:

o,
(%0, T ) —> (%°/’IP ) D:Fe G =7 G'FO

(e,@t ® tf Gipo

(%, Ty) —> > (%, M)
(F.,O()




Functoriality Lanfranchi 2023

If the underlying functor G

of a colax tangent morphism (G, Db)
has a right adjoint F, then

(F,a) 1s a lax tangent morphism,
where a 1s the mate of b.

s
=
=
S
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If the underlying functor G

of a colax tangent morphism (G, Db)
has a right adjoint F, then

(F,a) 1s a lax tangent morphism,
where a 1s the mate of b.

In particular (F,a) and (G,Db)
form a conjunction 1in the

double category of tangent
categorilies and every conjunction

1s of this form.

s
=
=
S
-




Functoriality Lanfranchi 2023

If the underlying functor G
of a colax tangent morphism (G, Db)

has a right adjoint F, then T
(F,a) is a lax tangent morphism, (%/’_Tf)/ >(%;T/)
where a 1s the mate of b. ?25 )

/

In particular (F,a) and (G,Db)
form a conjunction 1in the

double category of tangent
categorilies and every conjunction

1s of this form.
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If the underlying functor G
of a colax tangent morphism (G, Db)
has a right adjoint F, then (T: )
. . L >/ o
(F,a) 1s a lax tangent morphism, (ﬁ%ﬂp)/, C%»jf)
~

where a 1s the mate of b. (&5 )
/

In particular (F,a) and (G, Db) =

form a conjunction in the F,T"" "?: FT@F

double category of tangent
categorilies and every conjunction

is of this form. FGT’F@_%’FIT%:
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=
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Functoriality Lanfranchi 2023

= The operation which
sends an operad to 1ts

L Y algebraic tangent category Co(.agc)( QHA @QX‘

=extends to two functors:
X ok ¥V K

A0 © 5 (o) I
E e% Fg \- P /7?%8 (§‘)g

C:P5Q > PHu*) : AR et )
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= The operation which
sends an operad to 1ts

[ )\ algebraic tangent category

=extends to two functors:
E /—\%*: Oped T Mhge
& /A%‘: Df)e(ao‘ >Tm2@ét

N — A@a ([
CO_5Q —> (@ /u!):/A@g(@—a/A%(@)




Functoriality Lanfranchi 2023

Consider a lax tangent morphism

between two adjunctable tangent categories.
Then the opposite of F 1s also

a lax tangent morphism between the

adjoint tangent categories.

lemma
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Consider a lax tangent morphism

between two adjunctable tangent categories.
Then the opposite of F 1s also

a lax tangent morphism between the

adjoint tangent categories.

/
(Fo: (X,T)—> (/T

lemma




Functoriality

Lanfranchi 2023

Consider a lax tangent morphism
A SRR

between twoj jjunctab.

Then the opposite of F is also

a lax tangent morphism between the
adjoint tangent categories.

(Fo: (X, T)—> ST TAT, T'UT

lemma

‘adjunctableftangent categories.
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Consider a lax tangenzwmorphlsm
between twofa %%::%% |

Then the opposite of F is also

a lax tangent morphism between the
adjoint tangent categories.

(Fo: (X, T)—> ST TAT, T'UT

=
S
- <1

o) : (% TT)— (%' TT™)

M;pnctableetangent categories.
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Consider a lax tangenzwmorphlsm
between twofa %%::%% |

Then the opposite of F is also

a lax tangent morphism between the
adjoint tangent categories.

(Fo: (X, T)—> ST TAT, T'UT

=
S
- <1

o) : (% TT)— (%' TT™)

M;pnctableetangent categories.
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Consider a lax tangenzwmorphlsm

between twog'éigggzggjeetangent categories.
Then the opposite of F 1s also

a lax tangent morphism between the

adjoint tangent categories.

(Fo: (X, T)—> ST TAT, T'UT

o) (XTI — (% TT)

Lemm

OTFT _
TFET°_S+T°




Functoriality Lanfranchi 2023

= The operation which
sends an operad to 1ts

[ )\ geometric tangent category

=extends to two functors:

: Geom™: @\oerédor _ S %C@E
S > Geom(P)

R

all @00 —> (¢ ) Gow (@ — Gona (6
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= The operation which
sends an operad to 1ts

[ )\ geometric tangent category

=extends to two functors:

g Qo™ @\DQ@A"I’ _ S %@er
GEOVW( : @(:e)(éel 3 %6@1' TS 1S au 150 “ [
§1——— Geowc ()
(@ P2 )— (@ @ Geow(F) —5 Gaxu (D




The enveloping operad

Chapter 4

“"The coslice of the

category of algebras

1s still a category
of algebras.”
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The enveloping operad

The envelopiling operad
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The envelopiling operad

(¢: >R > Aea&—w)%b

,A@a > ®loerdc'




The enveloping operad

The envelopiling operad

@Fe{aé T @t 'ng’r‘ %Y:rj
P — A%SD *
(P: >R —> Afﬁ@_%//\fggb
,AQ% > ®loerdc‘
(KA — &

(S 4 —>(],B): 9 0—9@

)@*6




The enveloping operad

The enveloping operad Tut:© efch — Ae% |
o s (550 widS-agk
@Fe{aé U, @t bt/
(P> Q) —> (F,5%) — (R, QD
P —> /\@% /
P ot PN —-&

(P: P>R) —> Aeﬁ@_%/)‘%ga o) %o k(o)

/A“@% > ®loerdc‘

A — P

<p
(G )—(]R: =8,
A 556




The enveloping operad

The enveloping operad Tut:© efch — Ae% |
A of @t F 63 R (g;/ &@A‘l’@l @—eladcﬂ
Opeldd '— N 2
i - ; (96— Q) —> (R0 — (@A
0° —=> %SD CP* <p: 53_9 @
(P: > —~> Aﬁﬁ&%//\%@ D) %o 0% (o)
/A@% > QIOW‘GCJ 8WO': A(% — D[aefdcl -Ilut

A — P

<p
(G )—(]R: =8,
FRLR

(6, A) —> o®




The enveloping operad

The enveloping operad RO (’deCJ — 5 Aeg .
. F?)“ —> (¢ o) wtal 53'8‘5%
QFQ’@‘J U @t b/
P> AY (6> —> (§80) — (Q,QD
o Y )
(P: >R —> Aﬁﬁa—w\%a oo P e
Aeg ——> Oped Bu- - Ay —— Operad :Juil

<p
S
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The enveloping operad

The enveloping operad RO (’deCJ — 5 Aeg .
o F@ —> (5% 7 utd Sleladae
QFQ’@‘J U @t b/
P> AY (6> —> (§80) — (Q,QD
o Y )
(P: >R —> Aﬁﬁa—w\%a oo P e
Aeg ——> Oped Bu- - Ay —— Operad :Juil

<p
S
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The enveloping operad

The category of algebras

of the enveloping operad 1s

the coslice category of algebras
of the original operad.

lemma




The enveloping operad

g The category of algebras

of the enveloping operad 1s

the coslice category of algebras
of the original operad.

§°M)6 -—9—-7 B8

(7 8y ouel (by,... by?

&
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The enveloping operad

g The category of algebras

of the enveloping operad 1s

the coslice category of algebras
of the original operad.

§°M)6 -—9—-7 B8
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The enveloping operad

g The category of algebras

of the enveloping operad 1s

the coslice category of algebras

of the original operad. ‘[“§1Q%yb@,

§°(A—)6-—9—-7B g:A———>E)

(40, Qe Cby, . o) 2 =

(7 8y ouel (by,... by?

9 r((g(&’{.lg(w( ( /M
A _:_v_> Sb( )(03 —> 53( )6 7




The enveloping operad

The ring &'®(1) is the enveloping algebra of A.

Modules over A are left modules over @mmkl).
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The enveloping operad

The ring &""(1) is the enveloping algebra of A.

Modules over A are left modulgs over @(A)(l) .
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The enveloping operad

The ring ©®(1) is the enveloping algebra of A.

Modules over A are left modulgs over @(A)(l) .
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First contact

Chapter 5

“The geometric tangent category
of the enveloping operad
1s the slice of the
geometric tangent category
of the original operad.”
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First contact Lanfranchi 2023

The geometric tangent category of

the enveloping operad 1s the slice tangent category
of the geometric tangent category

of the original operad.
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The geometric tangent category of

the enveloping operad 1s the slice tangent category
of the geometric tangent category

of the original operad.
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The geometric tangent category of

the enveloping operad 1s the slice tangent category
of the geometric tangent category

of the original operad.

(D\o\’)('c‘J OPf > A%OF

|4 Tlocm. V
tMwg GT _> MTuahir
gh% <:'SN&3 Jﬂa

Theorem
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The geometric tangent category of

the enveloping operad 1s the slice tangent category
of the geometric tangent category

of the original operad.

Opoed T=___S A6 Gam(6*) > Slice (Geau(6), A)
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The geometric tangent category of

the enveloping operad 1s the slice tangent category
of the geometric tangent category

of the original operad.

opoed T=__S AT Gam(6%) 5 Slie (G (6, A)
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The differential bundles over an operadic affine scheme
are modules over the operadic algebra.

Corollary
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The differential bundles over an operadic affine scheme
are modules over the operadic algebra.

DBud (Gem($;4) DOY( Gem (§/A)
k'
Dr{%&wﬁal Lundles are
‘lbw’ﬂza( ache/ a[?) odS  the
slice 8wT c&f@ovg

Corollary
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The differential bundles over an operadic affine scheme
are modules over the operadic algebra.

DBud (Geow (D7A) = mmg' ( Gem (D /A)
~ D@E)' (Gow (&)

Slice (Gem (§): A= Ga (o (§;A)

Corollary
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The differential bundles over an operadic affine scheme
are modules over the operadic algebra.

DBud (Geow (;A)Z DOY( Gem (D /A)
= Dogy (G (§%) & Mod T ($%1)

Corollary
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The differential bundles over an operadic affine scheme
are modules over the operadic algebra.

DBud (Geow (D7A) = “’“’ﬁ' ( Gem (D /A)
= Dogy (G (§%) & Mod T (§%) &
=~ Mod T($;A)

Q;gn/((X A Wre%fiwg ab@)a\ra

Corollary



Lanfranchi 2023

Thanks.

The differential bundles
of the geometric tangent category of an operad.
https://arxiv.org/abs/2310.18174

/
“ .ea""a'.. =
* .
" | .
|
v ; _ -




	Default Section
	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 24
	Slide 25
	Slide 26
	Slide 27
	Slide 28
	Slide 29
	Slide 30
	Slide 31
	Slide 32
	Slide 33
	Slide 34
	Slide 35
	Slide 36
	Slide 37
	Slide 38
	Slide 39
	Slide 40
	Slide 41
	Slide 42
	Slide 43
	Slide 44
	Slide 45
	Slide 46
	Slide 47
	Slide 48
	Slide 49
	Slide 50
	Slide 51
	Slide 52
	Slide 53
	Slide 54
	Slide 55
	Slide 56
	Slide 57
	Slide 58
	Slide 59
	Slide 60
	Slide 61
	Slide 62
	Slide 63
	Slide 64
	Slide 65
	Slide 66
	Slide 67
	Slide 68
	Slide 69
	Slide 70
	Slide 71
	Slide 72
	Slide 73
	Slide 74
	Slide 75
	Slide 76
	Slide 77
	Slide 78
	Slide 79
	Slide 80
	Slide 81
	Slide 82
	Slide 83
	Slide 84
	Slide 85
	Slide 86
	Slide 87
	Slide 88
	Slide 89
	Slide 90
	Slide 91
	Slide 92
	Slide 93
	Slide 94
	Slide 95
	Slide 96
	Slide 97


